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Chapter 1

A Single Atom

1.1
To calculate the commutator [J, H|, we first calculate the following terms:

[(p x L);,p*] = leriprLi, pjp;]

= [€ti€mniDET mPn> DiD;)

= [(imOrn — 5m5km)pk7”mpmpjpj]
= [perivk: pips] — [Perepi; pipi]

= prlri, pipjloR — Pr[Tk, i} IDs

= pi(2ihp;)pr. — pr(2ihpy)pi

=0

[(L x p)i,p*] = [emsLipr, pjp;]
= [€rtiCmnkTmPnD1, Pjpj]
= [rpip1, pjps] — [rimup, pip;]
= (2ihp)pipr — (2ihp;)pipy

=0
r,
79 _h_z
i, 7] = —ih”
1 T;
19 _h’_l
i, ) = i

(1.1)

(1.2)
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T 1 1
|:_7p2i| = [Ti7p2]_ + 7 |:_7p2:|
r T T
L1 1 1
= 2ihp;— + 1 ({—,p]} Pj + D |:_apj:|) (1.5)
T T r

L Ly T
= 2171])2; —1ih (Fp] + ripjr_?’)

1 1 1
{(p X L)i>_:| = {pkﬁpk,—} - [Pkrkpi,—}
r r T

= (o] raeer oo d]) = (oo e pd])

. Tk Tk . Tk Tr;
=ih (ﬁﬁpk +pk7’ir—3) —1ih (T—37"kpi +pk7“kr—;>

i 1
=ih <rk§ pk> — ih—p;
r r

1 1 1
{(L X p)i,—} = {npipz, —} — [mpzpz,—]
T T T

S S PO o

. L TN
=ih(rpi— — —5
r

T; 1
—, =1 =0 1.8
{r ’ r} (1.8)
Note that
1 1 1 1 i
T r T r r
. . e T . R
1hrlpiﬁ =1ih <pirl7"_3 + lhﬁ> =1ih (p,; + 1h773) (1.10)

Further, we can verify that [pk, ;—’g} = [Pk, 7k %3 + 7 [pk, %3} =0, hence Zpy, = p%.
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So the commutator

Ji, H] = l%(pr—LXp)i—Zn% %—%}
~ oz (0% D] = [ xp0s"]) = o 2.5
- ([ -fem ) e [
o e
« 207+ [ ] - [ ] o

is always zero, meaning the Laplace-Runge-Lenz vector is conserved under Coulomb potential.

1.2

H:osz-L:% (S+L)°—8>— 17 (1.12)

J =S + L can take 1/2 and 3/2, the eigenstates for this Hamiltonian is 2P1/2 and 2P3/2

with eigenvalue —ah? and ah?/2, respectively.

1.3

For 8"Rb ground state manifold, S = 1/2,L = 0,1 = 3/2, H = B(upgsS. + ungrl.) +
ahfS-I: Bssz—f-B[]Z—f—%PQ —C.
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BRE(B), 7T HamiltonianE XM E R F S, RATEIES., L;S,1) = |S., L)%
R, HEMAERRIFF, — .+ L:S,1)  |F, E)N%ABCCREA N, A5

)i
2=y a0 -y

- Lo o
A
N '
8o

v

3 -3) =2

Hamiltonian®' BgS, + B L AAX AT, $F? — CRIEF, = ConstH) 7 MAAEEI. T2
] L4y S Y Hamiltonian:

1 3
F.=2:Bs+ B +30-C (1.14)
o1 %BS—F%B]—FSCY—C %ga (115)
fo o ABstiBitia-C
1Bs—iB;+2a-C
Fo—q. | 208 T2t “ (1.16)
Q —%Bs—l—%BI—l—Za—C
1B — 3B, 4+ 34— (C V3
Fo——1:[ 278 QW”L?O‘ o2 (1.17)
?305 —§BS—§BI+gC¥—C
1 3
F,=-2:--Bs—°B;+3a—C (1.18)

2 2
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A DA AT 45 3 )\ AL -

AU,
1. fESM7R0R, 0T HAARIEE 30 — O, JGEANERIEE R — O, FFLERIT;
2. fE59IN, F. = 2, 20035 R RN, RS SR RIS — Ik ;

1 3
5 S+2 [+30é C

1
5\/(B5—BI)2+2a(BS—BI)+4a2+B[+2a—C

1
5\/(BS—BI)2+4a2+2a—C

1
5\/(35—31)2—2a(BS—B,-)—|—4a2—BI—|—2a—C

—%BS — gBI +3a—C

—% (Bs — B;)? — 2a(Bg — By) + 4a% — B4+ 20— C
—% (Bs — B;)* 4+ 402 +2a — C

—% (Bs — B;)* 4 20 (Bs — By) +4a? + By +2a — C

(1.19)

3. fEsRIAN, FrA AMCAEMES Y N ENE, AU ROV IE, SRR, XS
A B2

B IR B — 2 S5m0 RE SR, ACESLFRRDJE T () ZeemanBELK «

E

Figure 1.1: Schematic of the Zeeman energy structure.

Fz=-2
Fz=-1
Fz=0
Fz=1
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1.8
Change into the rotating frame U = e"“otfe = P 4 P,e7“0! peglecting terms rotating
at 20.}01
) eiwot + e—iwot .
UTHU — (Pg + Peelwot) <C<)FZ + BO#FJ?) (Pg + Pee—lw()t)
(1.20)
By
=wk,+ —F,
2
ih (O,UT) U = ih (iwo P.e“") (P, + Poe™ ")
== —thPe
1.21
= (1.21)
2
1
= —WQFZ — éth
The Schrodinger equation
ihd, (U) = ihU' o +ih (0,UT) ¥
=U'HY +ih (,UT) ¢
— UYHU(U') + ik (0,U") U(U') (1.22)
B 1
= ((w — WQ)FZ + 70Fx — EHLUQ) (UTw)
the new effective Hamiltonian is
B
Hpwa = AF, + 70Fx (1.23)

where A = w — wy and we throw the constant term —7uwg/2.



Chapter 2

Two-Body Interaction

2.1

Write the s-wavefunction as W = u(r)/r, the Schrodinger equation becomes
R* 9%u
———— - Vyu=F
2m Or? ot "
where Vy > 0, E ~ 0. Solve this equation we have
2m(E + V
u(r)zcsin( MTWT>, 0<r<mnrg

By definition, the scattering length

For a bound state, F = —F < 0, thus

;) — 2mE0T
u(r) =ce 2 r >

(2.1)

(2.2)

(2.4)

Both wu(r) and the derivative of u(r) is continuous at r¢, the binding energy is given by

)
s tan( /2m(Eh%+v0)T0>

2m(Eo+Vo
1 i 2mE, h2
\V 72 ——/%éE——EOZ—

- 2
2ma?

2.2

Like 2.1] the radial wavefunction here is

2
u(r) —csinh< %%7’), 0<r<mrg

(2.5)
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By definition, the scattering length

72
as = — (2.7)
2mVo
72

tanh ( 2m Vo 7"0)

The tangent function in becomes hyperbolic tangent function, thus the scattering length
will not change repeatedly and is bounded by (—4/52—,0).

2mVy?

2.3
Xfl-wave, iSRG U (r) B G RAR IR R B u(r) fEr — oo BT A2
W) st ~ %Sin(kr —In )2+ 6) (2.8)
277 R E B HOR A2 R 3% B o (r) Er — +ooBIHTEEAT 2
() g0 ~ %sin(kr _ir/2) (2.9)
HiSchrodinger FFAT 2 (ult — vi) = 2muoUr(r), 35 LTSN, F
Qv du 1

uE — UE =7 sin 0y (2.10)

BRS04 R, T DU e IR Reshortrange,  ELA SR T A LR
1, vl DS fer S0, LI EIERL, B

2 +o00
sin 0y = — mk’/ woU (r)dr
0

2
2mk 400 k 21

z——W; / 7"2—( r) mzU(r)dr
R Jo [(20+ 1)1] (2.11)

2mk2l+1 400 )

_ (l+1)U d
[(2l+1)!!]2h2/0 " (r)dr

o E2HH

Ref: Prof. Huanxiong Yang’s slides on QM.


http://staff.ustc.edu.cn/~hyang/
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Chapter 3

Interaction Effects

3.1

If there is a Bose-Einstein condensation (BEC), the chemical potential mu should be

zero. In 1D case,

oo 1 o0 1 ee 1
2dk d dz——
/0 eﬁ%wmw—l“/o 1Y )y TVEE -

doesn’t converge. Similarly, in 2D case,

o 1 o 1
/0 27dek652k2/2mka —3 oc/o dzez —3

doesn’t converge either. Thus, no BEC in 1D and 2D. As a contrast, the integration in 3D

0 \/E
x [, dz¥5 converges.

3.2
Above T,:
p(’l",’l“/) _ <T’| 6—H/kBT |7,/> _ Z <T|]€> </€’ e—H/kBT ’k/> <k‘/|7”/> _ Ze—ik-re—h2k2/2kaT6ik-r'
kK %

- (2‘;)3 / / / k2dk sin 0dfdpe ="K 2mks T g ik (r=r')

_ (2V)3 /// dek Sinededgoefhzk:2/2kaT€fik|r—r'\cos@
™

_ v /k2€_h2kz/2kaT47rsin klr — 'r’|dk

2n)? W — 7]

1

v (=P
= @2n)pras P 2N2

(3.1)

11
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where A = 2 This indicates no ODLRO above T..

kaT
Below T, by definition we have

p(r,r') = Noyp* (r)y(r')
= NV (3.2)

~n

this means the existence of ODLRO.

3.3

Denote the unitary transformation
Uy u
O (3.3)
U21  U22

(2)-(2)
(1

where ak) is bosonic operator that satisfies The commutative relation requires

and

1 = [, 04,1] = uj U] — UjyUio (35)

1= [a g, al ] = ujyuz — uzun
U is unitary means that UUT = 1:

wi Uy + ulatgy = 1
11 12 (3.6)

* *
Up U2l + Uglge = 1

Solve these equations we have

This is a trivial transformation which only gives a phase.
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3.4

The ground state is the vacuum of quasi-particle:

_ Vi gt gt
o |G) = (upay, + vkaik)em“L:Oe Skt KOk |0)

_ ok gt gt
— ¢VNoal_q (upag +vral e 2t uy WL |0)

T (Y — Yk oT ot

U

=0
(Glameo|C) = ¢
=
= (G|
- GV )
-V
3.5

For bosons:
ePer ePea 1

Yk ot of

G| akex/NoaLZOe— 2 k0 uy, Mk |O>
— Uk of of t

G’ e 2 k0 uy Ok 7kakevNoak:0 |O>

e~ Zreo webeli /Npev el |0y

LHS = efek — 1 ePea — 1 ePerta — 1

1 1 ePlenteq)

eBer — 1 ePea — 1 ePer+a — 1
1 1 eekta

efer — 1 efea — 1 efekta — 1
= RHS

For fermions:
ePer efea 1

efer 4 1 efea 4 1 eferta + 1
1 1 eBenteq)

efer + 1 efea 4 1 ePorta + 1
1 1 ePek+a

efer + 1 efea 4 1 ePorta + 1
= RHS

13

(3.8)

(3.9)

(3.10)

(3.11)
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3.9

Note that the Hamiltonian matrix is tri-diagonal:

f%:@N_qHMN—w:%mmqmwN_mN_p4ﬂ

Hijyr = (i, N =i H|i +1,N —i—1) = =J/(i + 1)(N —1) (3.12)
Hii1=@N—iHli—1,N—i+1)=—Jyi(N—i+1)

Numerically diagonalize the matrix with total particle number N = 1000 we have the
ground state wave function, relative particle fluctuation (AN)*(AN = N; — N,) and the
energy gap in 4 regimes.

1.U>0,U> J:

N =1000,J = 1,U = 10°

0 L L
-1000 -500 0 500 1000

Figure 3.1: Wave function with J = 1,U = 10°. ((AN)?) =2.0037 x 10~* — 0.

2. U>0,U<J:

N =1000,J =1,U =0.8

-0.05 t - -
-1000 -500 0 500 1000

Figure 3.2: Wave function with J = 1,U = 0.8. ((AN)?) = 49.7117.

3.U>0,Ux J:
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N =1000,J =1,U =107°

-1000 -500 0 500 1000

Figure 3.3: Wave function with J =1,U = 107°. ((AN)?) = 997.5118 ~ N.

4. U <0,|U] > J%

N =1000,J =1,U = -10*

0.7
X-1000 X 1000
06 Y 0.707107 Y 0.707107

0 L L L
-1000 -500 0 500 1000
AN =N; - N,

Figure 3.4: Wave function with J = 1,U = —10%. ((AN)?) = 10°.

In the fourth regime, we calculate the gap between the first excited state and the ground

state as a function of total particle number, see Fig. [3.5]

3.10

Assume (1) = a161(r) + azd2(r).

For bosons,
p(r) = (1 (r)i(r))
= (aja) |1 (r)|* + (afaz)|ga(r)[? (3.13)
= 1 (r)]” + naléa(r)?

!Note that there’s degeneracy in ground state when U < 0. Here we take a symmetric wave function as

ground state wave function.
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J=1U=-10°

Figure 3.5: Energy gap as a function of total particle number N under U < 0,|U]| > J.

@) (")) =nilo(r)P o1 (r)? + nalda(r) P2 ()]
+n102| @1 (1) |02 () [? + nanaldr ()] (7) |
+ning (67 (1)1 (") ga(r) b5 (") + h.c)]

=p(r)p(r’)

+n1(1 + n2) @i (r)or(r')da(r)d3(r') + na(1 +n1)d1 (r) o1 (r) 93 (1) g2 (1)

(3.14)
For fermions,
W) (e) " () (r") =nt|o () |é1 (r")? + nala(r)[*da ()

+n1n2|¢1 (1) |d2 (1) + nang|dy ()¢ (r)

+(alazalar)¢1(r) 1 (r') o (r)03(r")

+(abaralan)d ()07 (1) 3 (r) o ()

=p(r)p(r’)

+11(1 = n2) 7 (1) o1 (r") d2(1) 95 (r") + n2(1 — na)du(r) 8y (1) d5(r) (')
(3.15)

The correlation terms are different.
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Chapter 4

The Fermi Superfluid

6.1

Eq. 6.8:

1
47?712&3_ ZE—2ek— )+;£

|k|>kr

Substitute sum by integration: > = @ f Pk, Y, = D ik ke T 2 k|

1 1 1 1
RHS = — _—
v Z (E—Q(ek—u)—i_Qek)—i_l% 2¢p,
F

|k|>kp

E+2pu 1
S s Y

e
|| >kp Ik <kp ="

k)
>

(4.1)

(4.2)

Note that e, = ZE 1 = h F set h?kZ/m as unit energy, c = E/(h?k/m), substitute k = zkp

2m

and we have

1 E+2u 1
RHS — B 4+ / P
/kF 2ei,(E 421 — 2¢,)  (2m)3 2€p,

1 / o c+1 drmkp dr + 1 4mmkp
xédx
P ) x*(ec+1—22) R (2m)3  R?

thus we have

where

> 1
[(c):/ L_xqu::\/|c—|—1|arctan\/|c—|—1|, c<0
1

18
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Take the limit kp — 0,c — —o0, ck = 72 &/ we go back to two-body problem in vacuum:

k
mo_ 27;1222 [\/|c+1\arctan Vie+ 1]+ 1]

4rh?a,
T
T o2 |c|k§§ (4.6)
m [m h?
~ Anh? ﬁ|E| = b= - ma?
which is in agreement of the energy of shallow bound state (E = —3 5;2 for a single particle)

discussed in chapter 2.
In general, the solution of Eq. [£.4] can be obtained by looking at the intersection of a

constant % with the f function.
Fas

-1/krag

E/EF

Figure 4.1: Solution of two-body problem.

6.3

This is still a quadratic Hamiltonian and can be diagonalized:

€k — Mt A Cet
Hpcg = f _ + (e —
Bes ( “ht Okl ) ( A” —(€k —/LO ) ( CT_ki ) ( g Mi)

o i &?k—,u—h/Z A Ckp B
—(ckT C—k¢>< A* _(gk_u+h/2)><cf_ki>+(5k 1))

B Z <__ Ve —m? ‘AP) ko + (__ —Vlew —n)? + |A|2) BrBE + (ex — 1)
Xk: <<£’k - —) alay + <<€k + g) BiBe — (€ — (e — )

(4.7)
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where y = @, h=p4 —pp, & = /(e — p)? + |A]2, @ and 3 are two quasi-particles. It is
clear that the energy of quasi-particles is shifted +h/2 compared with free Fermi gas.
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Chapter 5

Noninteracting Bands

7.1

tikox

In small V, regime, use the nearly free electron model ) = e and the lattice potential

0 % )
(5.1)
(4
So the band gap is V. /2.

In large V, regime, the lattice potential becomes deep enough and we can expand the

V. cos kgx can be treat as perturbation:

lattice potential around the bottom of each minimum x;. Up to the quadratic order we obtain

a harmonic potential

B2
H = o T Vok2 (z — x;)° (5.2)
Hence the band gap is
2V,
hw =h ko (5.3)
m

7.2

Consider a 2D square lattice with lattice potential Vj (cos kox + cos koy). Use degenerate

s
a?

perturbation theory we know there is a gap 2V4 (Vo) at (%, %) ((%,0)). In nearly free electron

hj;";’ respectively. To open a real band gap,

model, the energy at (2, %) and (Z,0) is % and 3

Vo should satisty
3 h2m? h2m?
Vo>— = V>

2% 7 9ma? 0

5.4
3ma? (5:4)

22
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7.5

After adding .J3 term, the Hamiltonian has still no diagonal term:

—Ji (1 + eFas 4 g7ikaz)

0 —J3 (e—ikul + eik~a1 + e—ik~(a2—a3))

H(k) = _ .
( ) _Jl (1 + e—lkva,g + elk~a2)

—J3 (eik:ul + e—ikul + eik~(a2—a3)) 0

(5.5)

Thus, without any further calculation we know two Dirac points never merge.

7.6

We numerically calculate the Chern number and plot the phase diagram.

Phase Diagram of Haldane Model with J; =1,J; = 0.1

6
: |
) .
0
2 '
4 -0.
6 h
-3 -2 -1 0 1 2 3
¢

Figure 5.1: The phase diagram for the Haldane model.

M/ Jy




Chapter 6

The Hubbard Model

8.1

The density fluctuation at each site obeys binomial distribution:

. 1 n; 1 N—n;
B N‘ i n; 1 B i nNs—n;
NN =) N, N,
_NW oD (Nomk ) (1N 1 (R Lo\ (6.1)
N nl' Ns Ns Ns

which can be approximated by Poisson distribution with 7 = N/Ny = (n;) when N, N, > 1.

In quantum case, we can easily verify that

(n;) = (SF|b}b; |SF)
1

N

1 1
= <0| kazoﬁbLobhObKo |0>

N! : -
N
N,

(0] b_bibib}Y |0)
(6.2)

24
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8.3
The mean-field Hamiltonian

U
Hyp = —db' — b+ — —1)— AL
MF ¢ P+ 2”(” ) — un + 77 (6.3)

=H+ Hy

where H = —¢b! — ¢*b is the perturbation. The perturbated energy is

B (no| H |ng + 1) (ng + 1| H |ng)
[%(no + 1)ng — mu(ng +1)] — [%no(no — 1) — unyg)
(nol H |ng — 1) {no — 1| H [no)

- 6.4
(%m0~ Dm0 — 2) — jlino — 1)] — (Grno(rno — 1) — pumo] (o4
o+ DR mlgP
Uno—u —U(no—l)—i-,u
Total energy
u 6 (o +1)|¢f? nolg|”
E=— 1) — — —
2no(no+ ) — pmno + 77 Uno— i “U(no—1) + 11 65
v LA |
= 5 no(no +1) = pno + 7= +alg|
When a = 0, phase transition occurs, so the critical value
Je (o= #) (¢~ (o= 1) .
U Z(L+1) '
8.4
The relativistic nonlinear equation is (there should be a ‘—’ before 9? term)
h2a2 h2V2
— 8—t2¢ ¢+U|¢| ¢ (6.7)
Set ¢ = \/ﬁeig, we have
. 1
2 = 0,(0p\/pe"?) = 0, ( 5 \/_pele + 1\/56109)
1 , (6.8)
=— +i—ph — /pb? +i/pd
I \/ﬁ + 5 fp \/_p V0" +iyp
V2 =V-V (pe’) =V- (ﬁVpele + i\/ﬁeiQVG)
=———(Vp)+ —=V’p+ 1—V,0 VO — /p(VO)? +i,/pV30
T A

(6.9)
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The real part gives:

4U

= —p’ (6.10)

) . : 1
= 0* 4 20p = 490" = 5 (=(Vp)* +20V"p — 4p*(VO)*) —
The imaginary part gives:

. .. 1
po + pl = 7 (Vp- Vo +pV30) (6.11)

Considering the small amplitude oscillations of the phase and the amplitude p — p +
dp, 0 — 660 and only keeping 9? and V? term, the real part Eq. gives the gapped Higgs
mode and the imaginary part Eq. gives the gapless Goldstone mode:

1 2U 2
dbp=—Vp—""p*=>w=—"—+2a

60 = — V%60 = w? = —

2m m

8.5

Two-dimensional FHM without interactions and for a nonmagnetic state in square lattice
(a=1)is
Heun = —J Z CigCio — MZ (niy +7i,)

(6.13)
_Z —2Jcosk +cosk)]c,w€ka

With filling number % changing from 0 to 2, Fermi energy changes from —pu — 4J
to —p + 4J (for vacuum, Fermi eneygy is 0) and Fermi surface is the contour of energy in

momentum space, see Fig. [6.1]

8.6

See

8.8

The Fermi-Hubbard model with @ = 0 is

1
HFHM =—J Z CivCic + UZ (nzT 2) (nz¢ ) [LZ Ny + nw (614)

(i3),0

T ST
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Figure 6.1: Shape of Fermi surface.

Remember [A, BC| = {A, B}C — B{A, C} and {a,,, aj.g} = 0;;0,, for fermions. First we

calculate the term

[la HFHM] =

%

Z(_l)iz—”yClTCu;HFHM] (615)

The commutator with hopping term:

1) e + clen]
)

_ Z [ zw+wc;rTcL, ;TCM +c ick‘i]

— |:(_1)’Lz+’iychCL/, ;TCkTi| + |:(_1)’Lz+1ychCL/, jick¢i|

)
=) (=1)=tw [CZTT, C;TC’“T] CL + (—1)"9””‘?402T [CL, Chcki] (6.16)
i, (k)
= > (0 (—elduch ) + (~1) e (~chiel 0
i, (k)
_ heth (ol ol —
Z ’ (_ Cj1Che CkTCn)
=0

The last equality is because j, k are nearest neighbors, when k& — k + 1 the (—1)k+*v term

changes sign so the commutator vanishes.
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The commutator with interaction term:
)t
=X el s = 1/2] (s = 1/2) + (ngy = 1/2) [ehelymiy = 1/2))
=§]4ww
ij

ehidijel, (nsy = 1/2) = (np = 1/2)chel 6

(6.17)
i 1 1
=2 (=)=t (5 vl + 2CZTCL niTCzT‘TCL)
=2 (=1)* <01'LTCN, (1- CZTCIT) ZTTCL)
=0
Keep in mind that C;-[TCZT = circip = 0.

The commutator with Zeeman term is straightforward:

[L >y — nn)]

- (o] - o)
IO AREAL A z AREAZAN
=2 il el 6.15)

_ i+
- E : _1 et ( zTCw + CzTCzJ,)
A

=0

So we get [l, Hpay] = 0. Since Hppyv = H;LHM, (1T, Hpmy] = [lT,H;LHM] = —|l, Hraum| = 0.
1

1, o =[5

5 (l+l*),HFHM} =0

(LY, Hpnn] = [% (1—17) ,HFHM} . (6.19)

For L* = 3 (Zl (CITCZ'T + chu) - NS) =1 (X, (niy +n4y) — Ny), obviously it commutes
with interaction term and Zeeman term in FHM Hamiltonian. We only need to show that L*

also commutes with the hopping term, which is trivial:

Z [c%cn + c}icu, c}TcM + C}ﬁm]
i.(jk)

= Z <CIT6UC"€T C 5lkclT) (chijcki — c}iéikciO

_ f t
Z ( CjrCht — TckT> + (%CN - Cj¢0k¢>

=0

(6.20)
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Finally, we proved [L, Hpgy] = 0 when p = 0.
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